studied the following two conditions:
Ž . In this paper, we generalize left H-rings by removing q . Concretely, since a left H-ring R is also characterized by the statement that R is left artinian and for any Throughout this paper R is a semiperfect ring with identity 1 and Ž . R-modules are unitary. Choose a complete set p R of orthogonal primitive idempotents of R. We let N and N denote the set of positive integers chain condition to DCC and the ascending chain condition to ACC. The authors thank Professor T. Sumioka for telling us of Lemma A, enabling us to give a proof of Lemma 1 easier than our original one.
LEFT QH RINGS LEMMA A. Let A be a ring and let X and Y be left A-modules such that
< < Ž .
Ž . X -ϱ and Y is quasi-injecti¨e resp. quasi-projecti¨e . Put R [ End Y .
A A A < Ž . < Ž < Ž .< . Then Hom X, Y -ϱ resp. Hom Y , X -ϱ .
A A A R R R A A R A
Proof. We prove the quasi-injective statement, the proof of the quasi-< < projective one being similar. We use induction on X . A A A R R < < < Ž . < Now let X s n q 1 and assume that Hom W, Y -ϱ for any We call a module M non-small if M < u E M , and otherwise we call M Ž . small. A primitive idempotent e of R is said to be left resp. right Ž . non-small if the left R-module Re resp. the right R-module eR is Ž . non-small and otherwise e is said to be left resp. right small.
We call a module M non-cosmall if there exist a projective module P Ž .
and an epimorphism : P ª M such that Ker e u P.
ᎏ
We say that an R-module M is extending if for any submodule N there exists a direct summand N* of M with N e N*. Dually, we say that M is 
Further, for a set S of primitive idempotents of a ring R, a subset SЈ of 
7 R is left almost co-QF. 
16 R is right almost QF.
Ž .
17 R is artinian and J is almost injecti¨e as a right R-module.
Ž . Ž .

18
i R is right artinian, [ S, where S is a submodule of Re such that S is simple for each
. . , n . Then by 6 ii there exist e g p R and k g N such
[ Re rS Re ªRe rS Re be the projection for each j g
Re by the assumption that RerS Re is non-small and 6,
the definition of . Now we may assume that e s e . Then
: RerS Re ª RerS Re is an epimorphism with
S RerS Re is simple since RerS Re is injective. So assume
f Ј R is local and fR is non-small. Therefore fR is injective.
R R R
Assume that there exist a right non-small idempotent f and n g N 0 such that fJ n is not projective and fJ nq 1 is projective. Take x g fJ n y
such that xR is local. We have g Ј g p R with projective cover :
We show that g ЈJ s fJ . In fact, fJ is indecomposable since
fR is indecomposable injective by 14 ii shown above . So fJ is local
is monic because fJ is projective and S gЈR is
On the other hand, by 15 ii a , Ž .Ž . Ž Ž .Ž .. Here we give a proof for the equivalence between 8 ii or 9 ii and the condition that R is left QF-2* and left QF-3 under the assumption that R is left artinian.
Rg is not embedded in any finite direct sum
[ Pof indecomposable projective modules, where P f u Rg for any k .
We now show that [ m Rg is injective faithful, i.e., R is left QF-3. In
where any S is a simple left R-module. Then by assumption for
deduced by the same argument, is a monomorphism, and so an isomor- Ž .
Ž . Let e g p R with
Re injective and let g g p R with g и
R e yS R e. Then we have a non-
And there exists :
RerS R e ªE T Rg such that 
Re / 0. To show 9 iii , we have only to
S RerS
Re fT Rf . Then we remark that g и S E T Rf r
where mЈ eЈ is the one given in 8 iii .
ReЈ is also indecomposable injective, i.e.,
ReЈ is colocal. So RerS R e is also colocal. This 
In the above proof of 9 « 6 , we used the assumption Ž .Ž . 9 iii only to show Claim 1. So we have to only give a proof of Claim 1 Ž .Ž . using 8 iii .
Re is not injective, i s mЈ e since i F mЈ e . So
E RerS
Re is projective by 8 iii . Therefore E T Rg is also 
Ž . 1 E¨ery indecomposable injecti¨e left R-module is quasi-projecti¨e.
Ž . 2 E¨ery non-small colocal left R-module is injecti¨e and quasiprojecti¨e.
Ž . 3
Any colocal left R-module which has an injecti¨e factor module is both injecti¨e and quasi-projecti¨e. 
Ž . Ž . Ž . Ž Ž .. 4 For any f g p R , there exists e g p R such that E T Rf
Ž . 7 E¨ery indecomposable projecti¨e right R-module is quasi-injecti¨e.
Ž . 8 E¨ery non-cosmall local right R-module is projecti¨e and quasiinjecti¨e.
Ž . 9
Any local right R-module which has a projecti¨e submodule is both projecti¨e and quasi-injecti¨e. 
Ž . 10 E¨ery indecomposable projecti¨e right R-module P is almost P-
Ž w Then the ring R is left QH, but neither left H-nor right QH. See 7, x . Example 3 .
Next we generalize the equivalent conditions of Theorem 1 to left QF-2 rings and right QF-2* rings.
Ž . PROPOSITION 3. A Let R be a right perfect ring. Then the following conditions are equi¨alent.
Ž . 1 R is left QF-2*.
Ž . 2 E¨ery non-small colocal left R-module is local injecti¨e.
Ž . 3 For any colocal left R-module M with an epimorphism M ª E, where E is some injecti¨e left R-module, M is local injecti¨e.
Ž .
B Let R be a semiperfect ring. Then the following conditions are equi¨alent. is left QF-2* but not right QF-2.
Ž . 1 R is right QF-2.
Ž . 2 E¨ery non-cosmall local right R-module is colocal projecti¨e.
Ž . 3 For any local right R-module N with a monomorphism
Let R be a semiprimary ring. Then for any non-zero element x, we have n g N such that x g J ny 1 and x f J n . We denote this integer n by Ž .
Ž . depth x . Further, for any subgroup S of R, we put depth S [ Ä Ž . < 4 max depth x 0 / x g S .
Ž . LEMMA 2. Let R be a semiprimary ring. Then for any f
Proof. F . There exist a set ⌳ and an epimorphism :
Hence we obtain that depth fR G n. 
Let R be a semiprimary, QF-2*, and one-sided QF-2 ring.
i Let e g p R with a monomorphism T eR ª R . 
Ž .
Remark 3. In Proposition 4, we note that E and F in 2 are subsets of a basic set of left non-small primitive idempotents of R and of a basic set Ž . of right non-small primitive idempotents of R, respectively, by 1 .
Since R is left QF-2*, there exist a left non-small primitive idempotent eЈ of R and a left R-submodule X of ReЈ with an isomor-Ž Ž ..
. w x is simple and SЈ s S ( / 0. So we have ii . 
So is also epic, and splits. Therefore fR f f ЈR . Next, we give the same result under the assumption that R is an artinian, QF-2*, and one-sided QF-2 ring. Then e is a left non-small right small primitive idempotent, e and e 11 22 33 Ä are left small right non-small primitive idempotents. So ࠻ a basic set of 4 Ä left non-small primitive idempotents of R § ࠻ a basic set of right non-4 small primitive idempotents of R .
RELATIONS BETWEEN QH RINGS AND QF RINGS
One-sided QH rings have the following relation with QF rings, when they are local rings. PROPOSITION 
Therefore is epic. Also for any ␣ g fRf and any ␤ g gRg, 
is an isomorphism. Moreover we obtain ␣ g fRf with ␣ s ␤ for is 
shows that is isomorphic. each pair i g 1, . . . , m and j g 1, . . . , n i , take a right R-monomorphism : f R ª f R . For simplicity, we put [ and
[ , where and are the maps given by Lemma 4. 
